By applying the collinear expansion to the semi-inclusive hadron production process e + +e − → h+q( jet)+X at high energies, we construct a theoretical framework where leading and higher twist contributions at the leading perturbative QCD can be calculated systematically. With this framework, we calculate the contributions up to twist-3 for spin-0, spin-1/2 and spin-1 hadrons respectively. We present the results for the hadronic tensors, the differential cross sections, the azimuthal asymmetries, and the polarizations of the hadrons.
I. INTRODUCTION
Since there is no hadron involved in the initial state, e + e − annihilation is most suitable for the study on fragmentation functions among all different high energy reactions. Similar to the study on parton distribution functions in deep-inelastic lepton-nucleon scattering, the longitudinal momentum dependence can be studied in inclusive process while the transverse momentum dependence can only be studied by going to semiinclusive processes. The study on fragmentation functions is in parallel to that on parton distribution and/or correlation functions in nucleon. It plays an important role in the description of high energy reactions and in studying the properties of hadronic interactions and is therefore a standing topic in the field of high energy physics. Many progresses have been made and summarized constantly in Review of Particle Properties [1] and also other recent reviews [2] . Much attention has been attracted recently in particular in the spin and transverse momentum dependent (TMD) sessions both in theory [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , and in experiment [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . This provides a new window to study the fragmentation function, to test the hadronization models and to learn the properties of Quantum Chromodynamics (QCD).
As stressed in different publications [27] [28] [29] , to study the spin and TMD sessions of the parton distribution or fragmentation function, higher twist contributions can be very significant. It is therefore very important for such studies in high energy reactions to establish a suitable theoretical framework where leading and higher twist contributions can be calculated consistently. Collinear expansion seems to be the right technique for such a purpose.
Collinear expansion was developed in 1980s for inclusive deep inelastic lepton-nucleon scattering [30, 31] and has been known as the unique way to obtain a formalism where the differential cross section including higher twist contributions is expressed in terms of the calculable hard parts and gauge invariant parton distribution and correlation functions. The gauge links in the parton distributions are obtained automatically in the expansion procedure where multiple gluon scattering is taken into account.
Recently, the collinear expansion has been applied successfully to semi-inclusive deep inelastic lepton-nucleon scattering process l + N → l + q(jet) + X [32, 33] , where q denotes a quark that corresponds to a jet in experiments. With this process, TMD parton distribution and/or correlation functions can be studied. Calculations have been carried out where leading and higher twist contributions and also nuclear dependences have been obtained and expressed in terms of the gauge invariant parton distribution and correlation functions [32] [33] [34] [35] [36] [37] .
To study the fragmentation function, we started with the inclusive hadron production process in e + e − -annihilation at high energies [15] . We have applied the collinear expansion to the process and obtained a theoretical framework for describing e + + e − → h + X where leading and higher twist contributions can be calculated systematically. With this process, the longitudinal momentum distribution of the fragmentation functions can be studied and we have made calculations up to twist three for hadrons with different spins respectively. Even in this simple case, we have already obtained a number of interesting features such as the existence of transverse polarization at twist-3 for spin-1/2 hadrons, the quark polarization independence of the leading twist spin alignment of vector mesons and so on.
To study the TMD session of the fragmentation functions, we need to go to semi-inclusive process where more than a single hadron are detected. The simplest process in this case is e + +e − → h+q(jet)+X. In such semi-inclusive processes, the measurable quantities sensitive to different components of the fragmentation function are usually the azimuthal asymmetries including both the spin dependent and the spin independent ones. Higher twist effects can give significant contributions to such asymmetries, hence a systematic calculation to pick up the leading and higher twist contributions is important.
In this paper, we apply the collinear expansion to the semiinclusive process e + + e − → h +q(jet) + X. We derive the theoretical framework suitable for the description of this process, and carry out the calculations up to twist 3 for hadrons with different spins at the leading order in perturbative QCD. We present the results for the hadronic tensors, the differential cross sections, the azimuthal asymmetries and the hadron polarizations, and discuss the situation when confronting with experiments. We shall note here that we can easily carry out the same calculation for process e + + e − → h + q(jet) + X, and get similar results.
The rest of this paper is organized as follows. After this introduction, in Sec. II, we make a brief summary of the collinear expansion in the inclusive process e + + e − → h + X and extend it to the semi-inclusive process e + + e − → h +q+ X to get the gauge invariant formalism of hadronic tensor and cross section. In Sec. III, we present the results for the hadronic tensors up to twist 3 for spin-0, spin-1/2 and spin-1 hadrons respectively. The results for the differential cross sections and the resulting azimuthal asymmetries and the polarizations are presented and discussed in Sec. IV. Finally, we make a summary and give an outlook in Sec. V. In this section, we apply collinear expansion to the semiinclusive e + e − annihilation at high energies and derive the gauge invariant formalism for the hadronic tensor including leading and higher twist contributions systematically. To be explicit, we consider the semi-inclusive process e + + e − → h +q + X as illustrated in Fig.1 . The differential cross section is given by the product of the leptonic tensor and the hadronic tensor,
II. THE GAUGE INVARIANT FORMALISM
The notations that we use here are the same as those in [15] , i.e. we use l 1 and l 2 to denote the 4-momenta of the incoming electron and positron, and q = l 1 + l 2 to denote the 4-momentum of the intermediate gauge boson. The momentum of the quark is denoted by k and that of the produced hadron is denoted by p. Here, for the semi-inclusive process e + + e − → h +q + X, the superscript si is introduced to denote that the quantity is for semi-inclusive and the momentum k ′ denotes the momentum ofq or the corresponding jet. Also, similar to [15] , we consider e + e − annihilation into hadrons either via electromagnetic interaction with the exchange of a virtual photon or via weak interaction with the exchange of a Z 0 boson. We do not consider the interference term and the results apply to reactions near the Z 0 pole where only the weak interaction term is considered or the energy is much lower than Z 0 mass where only electromagnetic interaction is needed.
The leptonic tensor is exactly the same as that for inclusive process and is given in [15] . It is defined as, 
2 , respectively. The weak coupling g Z = g/ cos θ W = e/ sin θ W cos θ W , where e is the electron charge and θ W is the Weinberg angle. For Z 0 -exchange, L µ ′ ν ′ (l 1 , l 2 ) is given by, . We see that L µ ′ ν ′ (l 1 , l 2 ) have both a symmetric part and an anti-symmetric part for reactions via exchange of Z 0 . However, for reactions via electromagnetic interaction, the results are obtained by taking c 1 = 1 and c 3 = 0 and we have only the symmetric part left.
The difference to the inclusive case lies in the hadronic tensor W (si) µν . For the semi-inclusive process e + + e − → h +q + X, it is defined as,
It contains the fragmentation function and hard part of the hadronic interaction that will be discussed in the following.
A. Multiple gluon scattering & collinear expansion
Similar as inclusive process, to the leading order, the hadronic tensor is shown in Fig. 2(a) , and is given by, 5) where the matrix element is the same as that defined in the inclusive case and is given by,
6) while the hard part is different,
in contrast to that for the inclusive process,
It is well known that, because the two quark fields in the matrix elementΠ (0) do not share the same space-time coordinate,Π (0) is not local (color) gauge invariant. To get the gauge invariant form, we need to consider the final-state interaction in QCD, and apply the collinear expansion technique [30, 31] . The collinear expansion was first applied to deeply inelastic lepton-nucleon scattering (DIS) and provides an unique way to obtain a consistent formalism that relates the gauge invariant parton distribution and/or correlation functions to the measurable quantities such as the differential cross section including leading as well as higher twist contributions. Recently, we have shown that it can be applied to semi-inclusive DIS with nucleon and nucleus targets for jet production [32] [33] [34] [35] [36] and corresponding expressions for the azimuthal asymmetries and nuclear dependences have been obtained. Furthermore, we have also successfully applied it to the inclusive hadron production in e + e − annihilation and obtained the corresponding gauge invariant formalism for the hadronic tensor and the differential cross section. [15] This formalism provides a theoretical framework to calculate leading and higher twist contributions systematically. It is used to obtained the relationship between the differential cross section for e + + e − → h + X and different components of the fragmentation function.
There are two key elements in obtaining the gauge invariant formalism for the considered reaction. The first is to consider systematically the contributions from the Feynman diagram series with multiple gluon scattering as illustrated in Figs. 2(b) and (c) for e + e − annihilation into hadrons with exchange of j = 1, 2, . . . gluon(s) between the blob and the lower Fermion line. In this case, the hadronic tensor is given by a sum of the contribution from each diagram, e.g., for the semi-inclusive reaction, we have,
where we use the superscript to denote the contribution from the Feynman diagram with exchange of j = 0, 1, 2, . . . gluon(s) and c denotes the position of the cut line which takes L or R for j = 1, c = L, M or R for j = 2 and corresponds to Fig. 2(b1) , (b2), (c1), (c2) and (c3), respectively. The expression for the contribution from each diagram to the hadronic tensor can be easily obtained and it takes exactly the same form as that for the inclusive process. E.g., for j = 1 or 2, we have, 11) where the soft matrices are the same as those defined in the inclusive case and are given by,
12)
14)
The differences lie in the hard parts. For the semi-inclusive e + + e − → h +q + X, they are given by, 21) in contrast to those for the inclusive process e
We note that, compared with each other, the inclusive hard part differs from the corresponding semi-inclusive counterpart only in the δ-function. While the δ-function in the inclusive hard part is one dimensional and represents the mass shell condition, the δ-function in the hard part for the semi-inclusive process is four dimensional and represents the energy-momentum conservation.
Since none of the soft matrices given by Eqs. (2.12-2.16) is local (color) gauge invariant, we need to perform the collinear expansion as proposed in [30] for inclusive deep inelastic lepton nucleon scattering. Practically, collinear expansion procedure is equivalent to re-organize the contributions into a sum of terms in the gauge invariant forms by using the Ward identities. This is the second key element for obtaining the gauge invariant formalism. We describe it in the following.
Collinear expansion for e
+ + e − → h + X The collinear expansion is essentially a Taylor expansion of the hard parts at the collinear positions. The procedure was summarized as four steps [32] and was presented in [15] for inclusive hadron production e + + e − → h + X. For the selfcontainence of the paper, and also for sake of comparison to the semi-inclusive case, we briefly repeat them here by paying special attentions to those places where differences may appear when extending to the semi-inclusive process.
(1) We make a Taylor expansion of all the hard parts around k i = p/z i , e.g.,
where z i is defined as
The momentum of the hadron is taken as p = p +n , i.e., we use the light cone coordinate and take the direction of motion of the hadron as z-direction, the lepton plane as xoz-plane and the transverse component of the momentum of the incident electron is taken as the x-direction, the unit vectors are denoted byn, n and n ⊥ . The projection operator ω
We would in particular emphasize that, the collinear expansion is carried out in a coordinate system where momentum of the hadron is taken as the z-direction. In e + e − annihilation, this coordinate system is different from that we usually use in experiments where jet direction is usually taken as the Zaxis. We refer to the former as "collinear frame" of the hadron and denote it by o-xyz, while the latter as "jet frame" and denote it by o-XYZ. These two frames are related to each other via a rotation. We now work in the collinear frame of the hadron but present the relationships between the quantities in the two frames at the end of Sec. IV where results for measurable quantities such as the differential cross section, azimuthal asymmetries and polarizations are presented.
(2) We decompose the gluon fields into longitudinal and transverse components, i.e.,
We apply the Ward identities such as,
We add all the terms with the same hard part together and obtain the hadronic tensor in the gauge invariant form
µν , and,
Here, the new un-integrated correlatorsΞ ( j) 's are given by, 42) where
is given by the following path integral,
In contrast to [15] , we use the un-integrated correlators here for comparison to the results in the semi-inclusive case.
We note that these un-integrated correlators have the following properties as demanded by the hermiticity,
and space reflection invariance,
Here a tilded four vector denotesk = (k 0 , − k) andS = (S 0 , − S ). As mentioned in e.g. [5] [6] [7] , the time reversal invariance does not lead to direct constraints to the form of these correlators.
Collinear expansion for the semi-inclusive process e
+ + e − → h +q + X As can be seen from the four steps of the collinear expansion for the inclusive process e + + e − → h + X, a crucial ingredient is the validity of the Ward identities for the hard parts as given by Eqs. (2.30-2.33). By using these identities, we replace the derivatives by the corresponding hard parts with more gluon(s) exchange. Also, the longitudinal gluon field parts are changed to the corresponding terms in the gauge link for contribution where the hard parts contain less gluon exchange. We also see that, for the semi-inclusive process e + + e − → h +q + X, the hadronic tensor is expressed in the same form as that for the inclusive process. However, the hard parts in the sum of the contributions from the separate graphs are different from those in the inclusive process. Because of this, there is no similar Ward identities valid for the semi-inclusive hard parts. This implies that, if one would perform the collinear expansion directly of the semi-inclusive hard parts, one would not be able to obtain the similar results as those for the inclusive case.
This problem was solved in [32] by using the identity,
Using this identity, we obtain that 54) where k i denotes all the parton 4-momenta involved and k c is the momentum of the cut parton. The semi-inclusive hard part is written as a product of the corresponding inclusive hard part and a kinematical factor K(k c , k ′ ). Hence,
We apply the same collinear expansion as that for the inclusive case, i.e. make collinear expansion of the inclusive hard part rather than the semi-inclusive hard part. The kinematic factor K(k c , k ′ ) remains unchanged, so we obtain,
We see that, except for the extra kinematical factor K(k c , k ′ ), they are just the same as those for the inclusive process e + +e − → h+ X as given by Eqs. (2.34-2.36). These equations form a framework that can be used to calculate the leading and higher twist contributions to the hadronic tensor systematically. The nice feature of this framework is that the hard parts depends only on the longitudinal components of the parton momenta, so that we can further simplify these equation in a great deal. We show this in the following.
B. The simplified expressions
Since these collinear expanded hard parts depend on less parton momenta, and the momentum dependences are usually δ-functions or 1/(z − z B ) form, where z B ≡ 2p · q/Q 2 , we can carry out the integrations over the parton momenta. We simply use W
and we have,
By inserting Eqs. (2.58-2.61) into (2.62), we obtain the following simplified form for the hadronic tensor,
The collinear expanded hard parts contain only the longitudinal variables and also multiplied by the projection operator ω ρ ′ ρ . They reduce to very simple forms such as,
Hence these hadronic tensors can be further simplified as that we did for inclusive process.
where just for clarity, we omit the arguments (q, p, S , k ′ ⊥ ) for theW's. The new correlators are defined as,
(2.82)
After we perform the integration, we obtain their field operator expressions as given by,
where the coordinate ξ of a field operator or in the gauge link is understood as ξ = (0, ξ − , ξ ⊥ ), while a η − in such a place means η = (0, η − , 0 ⊥ ). We emphasize here, just similar to the inclusive and semiinclusive deep inelastic lepton-nucleon scattering and inclusive e + e − annihilation processes [15, 32, 36] , that the results presented above including the expressions for the gauge links and the different correlators are all derived by using the collinear expansion. We compare these results with those obtained directly from the Feynman diagrams, we see the distinct differences not only in the hard parts but also in the correlators. We see in particular that all these correlators depend only on one parton momentum. Furthermore, in contrast to e.g.Π
, in the expression ofΞ (1) ρ (z, k ⊥ , p, S ), we have the covariant derivative instead of the gluon field.
These correlators are all 4 × 4 matrices, and can be decomposed in terms of gamma matrices such as, 
where we use the short handed notations h
µν ] and so on. The other contributions are given by,
By carrying out the traces to obtain h
µν , making the Lorentz decompositions of the correlators and making the Lorentz contractions, we obtain the contributions to the hadronic tensors. To the leading twist (twist-2), we only need to considerW (0,si) . Up to twist-3, we need to consider both W (0,si) andW (1,c,si) . In this way, we can calculate the leading and higher twist contributions systematically.
The traces mentioned above can easily be carried out, we have e.g.,
We should note that, the correlators such as
ρα , Ξ (1) ρα are Lorentz vectors and tensors respectively. Also, from the hermiticity and the parity invariance of strong interaction as given by Eqs. (2.44-2.50), we obtain further constraints on the forms of these correlators. From the hermiticity, we obtain that both
(1) 's, hermiticity does not lead to such simple results because the two matrix elements are not symmetric. They have both real and imaginary parts. From space reflection invariance, we obtain,
We see in particular that
α is a vector andΞ (0) α is an axial vector. These are properties that we should use when we make the Lorentz decompositions of these correlators. The precise forms of the Lorentz decompositions of the correlators depend strongly on the spin of the hadron involved. We therefore consider hadrons with spin 0, 1/2 and 1 separately and present the results in these cases up to twist-3 in next section.
III. HADRONIC TENSOR FOR e
+ + e − → h +q + X
In this section, we present the results for the hadronic tensors for e + + e − → h +q + X in the cases that h is a spin-0, spin-1/2 or spin-1 particle separately.
A. Hadronic tensor for spin-0 hadrons
For semi-inclusive process with production of spin-0 hadrons, the correlators Ξ
ρα andΞ (1) ρα are functions of z, k ⊥ and p. The Lorentz structures can be constructed from the Lorentz vectors p, k ⊥ and n. The Ξ ⊥+ , and they are at the twist-3 level. Hence, up to twist-3, we need to consider,
where ǫ ⊥ρk ⊥ = ǫ ⊥ρσ k σ ⊥ , and ǫ ⊥ρσ = ǫ αβρσn α n β . We note that all the fragmentation functions defined above have a dimension of −2. They are all scalar functions of z and k 2 ⊥ and are Lorentz boost (along the z direction) invariant. There is only one leading twist componentD 1 (z, k ⊥ ) that has the following operator expression,
The other two componentsD
respectively are twist 3 and have the following operator expressions,
where k ⊥ = (0, 0, k x , k y ), and k n ⊥ is defined as k n ⊥ = (0, 0, k y , −k x ) which represents the other transverse direction in the collinear frame perpendicular to k ⊥ . We see that k n ⊥ is just in the normal direction of the production plane of the hadron and k ⊥ is the other transverse direction in the production plane. We will denote the two transverse directions by the unit vectors e n = k n ⊥ /| k ⊥ | and e t = k ⊥ /| k ⊥ | in the following of this paper.
We note thatD
is the well-known fragmentation function and has a simple probability interpretation. However, we should note that the variables are defined in the collinear frame so thatD
2 is the number of hadron h with light cone momentum fraction z ∼ z + dz produced in the fragmentation of a quark with light cone momentum p + /z and transverse momentum
. In this paper, we drop the superscript q → h for simplification. The fragmentation function satisfies the following normalization condition,
We emphasize in particular that the TMD fragmentation functions such asD 1 (z, k ⊥ ) defined above differ from that usually defined in phenomenological studies in terms of the differential cross sections or the number densities [1] . We therefore denote them by usingD's to distinguish from those defined phenomenologically. We do not have simple probability interpretations for the two twist 3 components,D ⊥ (z, k ⊥ ) and ∆D ⊥ (z, k ⊥ ). They come from the vector (γ α ) and axial vector (γ 5 γ α ) components ofΞ (0) respectively and are addenda to the leading twist contribution.
The other two twist 3 components ξ
They lead to,
By inserting Eqs. (3.1-3.4) into Eqs. (2.90-2.91), and by using the relationships given by Eqs. (3.11-3.12) to replace ξ
in the results obtained, we finally obtain the hadronic tensor up to twist-3 as,
µν to represent the Lorentz tensors constructed from the unit vectors and other Lorentz vector(s) involved. We refer to them as the basic Lorentz tensors. From the unit vectors, we can defined a symmetric Lorentz tensors d µν = g µν − n µnν −n µ n ν , and an anti-symmetric tensor ǫ ⊥µν = ǫ µνρσn ρ n σ that depend only on the transverse components. The ω
µν are just linear combinations of them, i.e.,
From two Lorentz vectors A L (that has only longitudinal components) and B ⊥ (that has only transverse components), we define,
where
We see that for these ω
µν 's, the real parts are symmetric with respect to the µ ↔ ν exchange and the imaginary parts are anti-symmetric, i.e.,
Under space reflectionP and time reversalT , we denotê
⊥ , and we have, for j = 1 and 2,
respectively. In the case that both A L and B ⊥ Lorentz vectors representing four momenta of hadron or quark, we have
However, if A L is a Lorentz vector and B ⊥ is a axial vector such as the polarization vector S ⊥ , we have
In this case, we have, these ω's andω's behave also differently.
We also point out that these ω µν terms contribute to the cross section in this case. In another word, only the vector component ofΞ (0) contributes to e + + e − → γ * → h +q + X and the axial vector part does not. It is also easy to verify that these basic tensors satisfy
, we see that, for the semi-inclusive production of spinless hadron h in e + + e − → h +q + X, there exist one leading twist and two twist-3 terms for the hadronic tensor corresponding to one leading twist and two twist 3 components of the fragmentation function. However none of the twist 3 terms survives the integration over 
This is also the same as we can derive from the operator expressions for both of them and D 1 (z) is just the fragmentation function defined in [15] and in phenomenological studies.
[1]
B. Spin-1/2 hadrons
For hadrons with non-zero spins, the quantities describing the spin states are involved in the Lorentz decompositions of the correlators such as Ξ
ρα andΞ (1) ρα . This makes the decomposition much more complicated and the physics more interesting. It is clear that such decompositions can be written as a sum of the spin independent part plus a spin dependent part. Hence, the resulting contributions to the hadronic tensor should also be expressed as spin independent part plus a spin dependent part, i.e.,
Obviously, the spin independent part is the same for hadrons with non-zero spins as that for spin-zero hadrons. We therefore only present the spin dependent part W
For spin-1/2 particles, the spin state is described by a 2 × 2 spin density matrix ρ that is usually decomposed as ρ = (1 + S · σ)/2. The polarization vector S is usually replaced by its Lorentz covariant extension S = (0, S ) in the rest frame of the particle. We therefore denote this spin-dependent part by W
. At high energies, we denote S = ( S ⊥ , λ h ) and decompose S in the light cone coordinate unit vectors as,
where S ⊥ = (0, S ⊥ , 0) and λ h is the helicity. We see that, compared with then-component, the n ⊥ -and n-components of S are suppressed by a factor of M/p + and (M/p + ) 2 respectively. They contribute at higher twists. The polarization of the particle system is given by P that is the average value of σ. Any component of P can be calculated by using P i = Tr(σ i ρ) = P(σ i = 1) − P(σ i = −1), where P(σ i = ±1) denotes the probability for the particle to be in the eigenstate of σ i with eigenvalue 1 or −1 respectively. We also recall that under space reflection, λ h ↔ −λ h , andPS µ = −S µ = −S µ . Hence, up to twist-3, the relevant spin-dependent terms in the Lorentz decompositions of
ρα andΞ (1) ρα are given as follows,
Here, since ǫ There are three twist-2 spin dependent components of the fragmentation function involved here, i.e.,D
, and ∆D T (z, k ⊥ ), are twist 3. The operator expressions of these spin dependent fragmentation functions can be obtained by solving Eqs. (3.37-3.40) inversely. We denote the hadron state with polarization in the two transverse directions e t and e n by |e ↑ t , |e ↓ t , |e ↑ n , |e ↓ n , and those in the longitudinal direction z (helicity state) by |+ and |− , respectively. We obtain the expressions for three leading twist spin-dependent fragmentation functions as,
for the six twist 3 components, we have,
From these operator expressions, we can already see that the three leading twist components,
, are related to longitudinal quark spin transfer to hadron, the induced transverse polarization of h in the direction of k n ⊥ (the normal direction e n of the production plane) when the fragmenting quark is unpolarized and the induced transverse polarization in the direction of k ⊥ (the transverse direction e t in the production plane) when the quark is longitudinally polarized. They correspond to the three leading twist parton distribution functions in nucleon,
e. the helicity distribution, the Sivers function and the worm-gear function or trans-helicity distribution, involved in the semi-inclusive deep inelastic lepton-nucleon scattering e − + N → e − + q + X [36] . The physical significances of the twist 3 components are not so obvious. They lead to addenda to the leading twist contributions discussed above. We will come back and discuss more later on.
Just the same as that in the spin-zero case, the twist 3 components defined via Ξ (1) ρα orΞ (1) ρα are not independent. They are related to the six twist 3 components defined via Ξ (1) 's, we obtain the polarization dependent part of the hadronic tensor for spin-1/2 hadrons up to twist-3 as given by,
where ω
µν are the basic Lorentz tensors defined by Eqs. (3.14-3.19) .
From Eq. (3.56), we see that, at leading twist, we have three spin dependent contributions that describe the polarizations of the hadron along the helicity direction and two transverse directions respectively. At twist-3, we have six terms, every two of them contribute to the polarization in one direction. We note in particular that there exist a leading twist term and also higher twist addenda to it characterized by ǫ
. This corresponds to the Sivers function in parton distribution and leads to transverse polarization of the hadron. Among the six twist three components of the fragmentation function, three of them are from the γ α -component ofΞ (0) and the other three are from the γ 5 γ α -component ofΞ (0) . They correspond to the ω andω terms in Eq. (3.56). If we consider reactions via electromagnetic interaction e + + e − → γ * → h +q + X, only the ω-terms contribute to the cross section.
We also note that, upon integration over
This is to compare with the S -dependent part given by Eq. (100) in [15] , and it follows that,
which are the corresponding components of fragmentation function discussed in [15] for the inclusive process e + + e − → h + X.
C. Spin-1 hadrons

Description of the polarization of spin-1 hadrons
The polarization of a system of spin-1 particles is described by a 3 × 3 spin density matrix ρ. In the particle rest frame, the matrix can be decomposed in terms of the spin operator Σ i and 61) where the spin polarization tensor T i j = Tr(ρΣ i j ) and is parameterized as, 62) where the five independent parameters are defined as,
We see that, in this decomposition, the polarization of a spin-1 hadron is described by a vector polarization S µ and a tensor polarization T µν . The vector polarization is defined in exactly the same way as that for the spin-1/2 hadrons, i.e. S µ = (0, S ) in the rest frame of the hadron. The tensor polarization part T µν has five independent components and they are given by a Lorentz scalar S LL , a Lorentz vector S T T = S T T µν . These polarization parameters can be related to the probabilities for the particles in different spin states [38] . We use P(m; θ n , φ n ) to denote the probability for the particle to be in the eigenstate |m; θ n , φ n of Σ· n with eigen value m and n is a direction specified by the polar angle θ n and azimuthal angle φ n and we have [38] , These relationships are used to calculate the expectations of these polarization parameters from the differential cross section. We will come back to this point later in the next section. Under this decomposition of the spin density matrix of spin-1 hadrons, the spin dependent part of the hadronic tensor or the fragmentation function are divided into two parts, a polarization vector S -dependent part and a polarization tensor T -dependent part, 
This part is new for spin-1 hadrons and we present the results for them in the following.
Leading twist contributions
In the Lorentz decompositions of the correlators for vector mesons, the polarization vectors and tensor S µ , S LL , S µ LT and S µν T T are involved. This makes the decomposition much more complicated than those for spin-1/2 hadrons where only polarization vector S is needed. We therefore first start with the leading twist contributions in the following. To the leading twist, we need only to consider Ξ (0)
+ , i.e., only then components of these vectors. We recall that S LL is a Lorentz scalar, S LT is a vector and S T T is a tensor, so we have one
and the following S LT and S T T dependent terms,
The corresponding leading twist contributions to the hadronic tensor can be obtained by inserting Eqs. (3.75-3.77) into Eq. (2.90). They are given by,
where we use 0 in the superscript to denote that they are just the leading twist contributions. We see that, even at leading twist, there are one S LL -, two S LT -and two S T T -dependent terms in both µ ↔ ν symmetric and anti-symmetric cases. This shows that even in reactions with unpolarized electrons and unpolarized positrons, we still obtain contributions depending on all these three components S LL , S LT and S T T , for e + + e − → Z 0 → h +q + X as well as
Also, we note here that upon integration over
and W (si,T T,0) µν vanish. We obtain the leading twist contributions to the corresponding components of the hadronic tensor for the inclusive process as,
This is to compare with Eq. (112) in [15] for the inclusive process e + + e − → h + X. We see that the results are exactly the same and we have,
similar to other components of the fragmentation function.
Twist-3 contributions
Up to twist-3, we need to consider
⊥+ andΞ (1) ⊥+ . The S LL dependent terms are,
the S LT dependent terms are,
and the S T T dependent terms are,
Again, we use the equation of motion, / Dψ(x) = 0, to relate these twist 3 fragmentation functions with each other. We get,
The twist-3 contributions to tensor polarization dependent parts of the hadronic tensor are finally obtained as,
We see that there are two S LL -, four S LT -and four S T Tdependent twist 3 terms in the hadronic tensor and they are all addenda to the leading twist contributions. Among them one S LL -, two S LT -and two S T T -dependent terms are from the γ α component ofΞ (0) the other one S LL -, two S LT -and two S T T -dependent terms are from the γ 5 γ α component ofΞ (0) . In e + + e − → γ * → h +q + X, the former are all symmetric and contribute while the latter are anti-symmetric and do not contribute to the cross section.
We can also get the corresponding results for the inclusive process upon integration over 
We compare Eqs. (3.110)-(3.112) with the results given by Eq. (112) in [15] , again we obtain the following relationships,
IV. THE CROSS SECTIONS, AZIMUTHAL ASYMMETRIES AND POLARIZATIONS
By inserting the hadronic tensors into Eq. (2.1), making the Lorentz contractions with the leptonic tensor, we obtain the differential cross section for the semi-inclusive production process e + + e − → h +q + X. From the differential cross section, we can calculate the azimuthal asymmetries and the polarizations of the hadron produced. We present the results for hadron with different spins separately in this section.
A. The cross section
We have seen in Sec. III that the hadronic tensor can be expressed as a sum of a spin independent, a vector polarization dependent and a tensor polarization dependent part. By inserting them into Eq. (2.1), we obtain the cross section expressed in the same way, i.e.,
Usually, it is convenient to introduce a Lorentz boost invariant variable y defined as the light cone momentum fraction of electron in the collinear frame, i.e., y ≡ l 1 · n/k · n = zl (1 − y) Q. y can be expressed in terms of the angle θ between the incident electron and the produced hadron, i.e. between l and p, as y = (1 + cos θ)/2, in the e + e − center of mass frame. In terms of y, z and k ′ ⊥ , we obtain, in the collinear frame,
For spinless hadron h, we have only the unpolarized part, whereas for spin-1/2 hadron, we have the unpolarized and vector polarization dependent parts, and for spin-1 hadron, we have the unpolarized, the vector polarization and tensor polarization dependent parts, i.e.,
In the following, we calculate these three parts separately.
The unpolarized part
By inserting the unpolarized part of the hadronic tensor given by Eq. (3.13) into Eq. (2.1), we obtain the unpolarized part of the differential cross section as,
Here we use the same notations as those defined in [15] , i.e., 
where A(y) = (1 − y) 2 + y 2 and B(y) = 1 − 2y. In terms of the angle θ between the incident electron and the produced quark, A(y) = (1 + cos 2 θ)/2 and B(y) = − cos θ.
We can also express the differential cross section in terms of z and y, and we have,
From Eq. (4.6) or (4.10), we see that for the semi-inclusive process e + + e − → Z → h +q + X, for spinless hadron h, there is one leading twist term and two twist three terms. We also see that one of the two twist-3 terms is space reflection even and the other is odd. If we consider e + e − annihilation via electromagnetic interaction, i.e., e + + e − → γ * → h +q + X, we have c 
If we integrate over d 2 k ′ ⊥ , both of the twist-3 terms vanish. The result reduces to exactly the same as we obtained in [15] for the inclusive process e + + e − → h + X.
The vector polarization dependent part
The vector polarization dependent part can be obtained by inserting the corresponding vector polarization dependent hadronic tensor given by Eq. (3.56) into (2.1). We also change the variables to y, z, k ′ ⊥ , and obtain the result as given by,
Here, as in [15] , the new coefficient function is defined as, We recall that [15] T q 0 (y) represents the relative weight for the production of quark of flavor q at the e + e − annihilation vertex, and P q (y) = T q 1 (y)/T q 0 (y) is the longitudinal polarization of that quark [40] . We see from Eq. (4.12) that, at the leading twist, there exists two transverse polarization dependent terms and one longitudinal polarization dependent term. We see in particular thatD
is nothing else but a counterpart of Sivers function [39] in fragmentation function. The associated term is P-even and T-odd. The other two leading twist terms are P-odd and T-even, hence they contribute only in the case of weak interaction. Different spin dependent terms exist at twist 3.
If we integrate over d 2 k ′ ⊥ , all the k ′ ⊥ -odd terms vanish and we obtain the corresponding cross section for the inclusive process e + + e − → h + X as,
Using the relationships given by Eqs.(3.59) and (3.60), we see that this is just the corresponding inclusive cross section obtained in [15] . If we consider the e + e − -annihilation via electromagnetic interaction, we have,
We see that all the space reflection odd terms vanish since they are parity violating. If we integrate over 16) which is also the same as that obtained in [15] .
The tensor polarization dependent part
For the tensor polarization dependent part, we express it as a sum of the S LL , S LT and S T T dependent parts, i.e., 
We note that we have a leading twist quark polarization independent term [with the same coefficient function T q 0 (y)] in each part. We also have a leading twist but quark longitudinal polarization P q (y) = T q 1 (y)/T q 0 (y) dependent term for S LT and S T T dependent parts. These two terms are both P-odd and T-odd. We also have two twist 3 terms in the S LL dependent part and four terms for the S LT or S T T dependent part. Here all the terms that contain the four dimensional Levi-Civita tensor are P-odd and T-odd. The others are P-even and T-even.
By integrating over d 2 k ′ ⊥ and by using the relationships given by Eqs.(3.113) and (3.114), we obtain the corresponding results for the inclusive reaction e + + e − → h + X as given by Eq.(148) in [15] . For electromagnetic process, up to twist-3, the cross section is given by, 23) all the space reflection odd terms disappear here because of parity conservation.
Transforming to the jet frame
As we mentioned earlier, all the results presented in last sections are expressed in the hadron's collinear frame o-xyz where the z-axis is taken along the hadron momentum direction. However, in experiments, one usually takes the "jet frame" that we denote as the o-XYZ frame, where the jet direction is taken as the Z-direction, the lepton-jet plane is taken as XZ-plane and the X direction is chosen so that the Xcomponent of l is positive. In this reference frame, the transverse components of k and k ′ are zero while the the momentum of the hadron has a transverse component p T . To distinguish them from each other, we use the notations as summarized here. In the collinear frame, we use, (4.29) while in the jet frame, we use,
We show the relationship between the two frames in the illustrating diagram Fig.3 .
hadron production plane A three vector expressed in these two coordinate systems are related to each other by a rotation matrix that we denote by R, i.e., A xyz = R A XYZ . The rotation consists of two steps, R = R 2 R 1 . Here, R 1 is a rotation of angle θ h around the normal direction e n of the hadron production plane, where θ h is the angle between p and k, i.e. sin θ h = 2| k ⊥ |/Q. This rotation turns k to be coincide with z axis. R 2 represents a rotation around z axis that turns l into xoz-plane. We should note that both R 1 and R 2 are small rotations in the sense that they differ from the unit matrix only by power suppressed factors. In fact, if we write R i = 1 + δR i (i=1 and 2), we have, up to 1/Q, that,
where the leading terms for cot θ lk is cot θ lk = (2y − 1)/2 y(1 − y) + · · · . If we write R = 1 + δR, we have δR ≈ δR 1 + δR 2 . We note that the second rotation R 2 does not change the scalar products of the transverse components of the momenta involved here. It can be shown that | k ′ ⊥ | = | p T /z|. The transverse components of l and S in the two frames are not equal l ⊥ l T , S ⊥ S T . However, the differences are only at the power suppressed level. If we stay at the twist-3 level, i.e. we neglect terms suppressed by 1/Q 2 , we need to consider, 
Because the representation and/or physical meaning of S LT and S T T in the jet frame are rather complicated, the transformation of the corresponding components to jet frame does not bring much so that we do not present the results here. We will come back to this point when presenting the results for polarization in next subsection. If we consider the e + e − -annihilation via electromagnetic interaction, we have,
In terms of the azimuthal angle ϕ and ϕ s that are defined as the azimuthal angle of the hadron momentum p and spin S respectively, we have,
We express the unpolarized, the vector polarization and the S LL dependent parts of the differential cross sections in terms of these azimuthal angles. For e + + e − → Z → h +q + X, we have,
For electromagnetic process, e + + e − → γ * → h +q + X, we have, 
B. Azimuthal asymmetries
From Eq. (4.58), we see that even for spinless hadrons or in the unpolarized case, there exist two independent azimuthal asymmetries at twist-3 level. These asymmetries can be defined as the average values of cos ϕ or sin ϕ, i.e.,
They can also be measured by, 
.
(4.69)
If we consider e + + e − → γ * → h +q + X, we have,
We see that only cos ϕ-asymmetry (the left-right asymmetry) can exist while the sin ϕ-asymmetry (the up-down asymmetry) violates parity conservation and vanishes in the electromagnetic process. From Eq. (4.59), we see also different azimuthal asymmetries in the polarized cases. At the leading twist, there are two azimuthal asymmetries,
Up to twist-3, there exist also other azimuthal asymmetries in the polarized cases and they can easily be calculated from the differential cross section. These azimuthal asymmetries can be studied by measuring the corresponding hadrons with given spins. For example, from Eq. (4.60), we see that there is a S LL dependent term contributing to cos ϕ and one to sin ϕ. This means that considering the cos ϕ or sin ϕ asymmetry in e + + e − → Z 0 → V +q + X, we have,
where V denotes a vector meson such as ρ, K * and so on. If we consider e + + e − → γ * → V +q + X, we have,
Such studies are usually difficult but are helpful for deep understanding of fragmentation functions. Here, in this subsection, in the expressions of the azimuthal asymmetries given above, we have written out the sum over the flavor of quarks and use the superscript q → h to denote the flavor dependence of the fragmentation functions explicitly. In the following of this paper, when presenting the expressions for polarizations, we will write out the sum over quark flavor explicitly to avoid the confusion that the weight factors T q i (y) in the numerator and that in the denominator do not cancel with each other. However, we omit the superscript q → h in the fragmentation function for brevity.
C. Polarizations
From Eq. (4.47), we see that the polarizations can be measured in different directions and the results are different. We discuss them for spin-1/2 and spin-1 hadrons separately in this section.
Spin-1/2 hadron
For spin-1/2 hadrons, the cross section is given by the unpolarized and the vector polarization dependent parts. The hadrons produced can possess a vector polarization. The vector polarization can be given by three components defined in different frame. The longitudinal component is usually defined with respect to helicity. But there are still two directions to be chosen. One can measure the transverse polarization, i.e., measure the polarization in the plane perpendicular to p. This is the case if we study the polarization in the collinear frame. In this case, we describe the vector polarization of the spin-1/2 hadrons by the longitudinal component P Lh and two transverse components P hx and P hy . In experiments, one may find it is easier to measure the polarization along X-and Y-direction in the jet frame. In this case, we describe the vector polarization of the spin-1/2 hadrons by the longitudinal component P Lh and other two components P hX and P hY . We should note that these two directions X and Y are not perpendicular to the helicity direction. Nevertheless, we can use the three components to describe the polarization vector P h . We may also study the transverse polarizations in the normal direction e n of the production plane and the transverse momentum e t in the production plane. In this case, we describe the polarization vector P h by the three components P Lh , P hn = e n · P h and P ht = e t · P h . From Eq. (4.47), we see that the differential cross section contains terms proportional
. This means that it might make sense to measure polarization with respect to l T (leptonhadron plane) or p T (production plane or hadron-jet plane). We present the results in the three cases in the following.
In the helicity-collinear frame: In this frame, we consider the longitudinal polarization P Lh defined with respect to the helicity and two transverse components P hx and P hy perpendicular to the helicity direction, i.e., in the x and y directions. The results can most convenient be obtained from the expression of the differential cross section in the collinear frame. From Eq. (4.12), we obtain, at the leading twist,
, (4.80)
Here, the superscript (0) is used to denote leading twist. We see that even at the leading twist, we have the longitudinal polarization proportional to the quark polarization P q (y) = T q 1 (y)/T q 0 (y) and transverse polarizations depending on the transverse direction of the hadron momentum.
Up to twist 3, we have,
where the incremental factor∆ is due to the twist 3 contribu-tions to the unpolarized cross section and is given by,
(4.86)
We see that in addition to the incrementation due to twist-3 contributions to the unpolarized cross section, there are twist-3 contributions to all the three components of the polarization due to spin-dependent twist 3 fragmentation functions. However, if we integrate over the transverse directions, we have, at the leading twist
and up to twist 3,
(4.92)
We see that the transverse polarizations exist only at the twist 3 if we integrate over the azimuthal angle of the produced hadron. We can change the variable k ′ ⊥ to p T to obtain the polarization as function of the measurable quantities z, y and p T . For this purpose, we need to find out the relationships between the two components of k ′ ⊥ and those of p T . From Eq. (4.37), we obtain that,
where the dots denote the even more power suppressed terms. We see that, at the leading twist, we need only to replace k
by p T /z and obtain,
However, up to twist 3, we need to keep the next order of the power suppressed terms in Eqs. (4.93) and (4.94) when substitute k ′ x and k ′ y in the leading twist contributions. In this case, we obtain, 
The extra term proportional to P
hy in P hx and that proportional to P (0) hx in P hy are due to the power suppressed terms in Eqs. (4.93) and (4.94).
If we consider e + + e − → γ * → h +q + X, we have, at the leading twist,
(4.104)
where the incremental factor∆ em reduces to,
In terms of y, z and p T , we have, at the leading twist,
And up to twist 3,
where the incremental factor is given by,
We see that for e + + e − → γ * → h +q + X, the longitudinal polarization exists only at twist 3. There is however leading twist transverse polarization proportional to D ⊥ 1T (z, p T ), the counterpart of the Sivers function in fragmentation function.
In terms of (P Lh , P hn , P ht ): From Eq. (4.12), we see that theD In other words, if we consider P hn = e n · P h and P ht = e t · P h , we obtain, at the leading twist,
, (4.116)
We see that each of them just proportional to one leading twist spin dependent component of the fragmentation function defined by Eqs. (3.42-3.43 ). Up to twist 3, we have,
In terms of y, z and P T , we have, at the leading twist,
, (4.121) and up to twist 3,
, (4.124)
In terms of y, z and p T , we have, at the leading twist, And up to twist 3,
We see that, expressed in this way, the leading twist contribution has only one transverse polarization proportional to D ⊥ 1T (z, p T ) and is along the normal of the production plane.
In the helicity-jet frame: We can also study the polarization in the jet frame where we calculate the longitudinal component P Lh with respect to helicity and other two components along X and Y directions. The results for the longitudinal component P Lh are the same as those presented in last section. We present the results for P hX and P hY in the following.
At the leading twist, they are given by,
and up to twist-3, we have,
If we integrate over ϕ, we obtain,
, (4.136)
If we consider the e + e − -annihilation via electromagnetic interaction, we have,
Upon integration over the azimuthal angle ϕ, we obtain,
We compare these results with those in the collinear frame and we see that at the leading twist they are the same, i.e., i.e. P hY . However, there exist differences at twist-3, and they are given by,
Summary and discussions: As a brief summary of the results presented in this sub-section for polarization of hadron with spin-1/2, we note that, although the polarization can be equally studied by measuring (P Lh , P hx , P hy ) or (P Lh , P hX , P hY ) or (P Lh , P hn , P ht ), the expressions obtained above seem to show that (P Lh , P hn , P ht ) are most suitable to use when studying the corresponding components of the fragmentation function. We see in particular that at the leading twist there are three spin dependent components of the fragmentation function, i.e., ∆D 1L , D describe the induced transverse polarization in the fragmentation in the case that the fragmenting quark q is unpolarized or is longitudinally polarized respectively. We recall further that ∆D anti-quark are longitudinally polarized in Z-decay, e + e − annihilation at Z pole provides an ideal place to study these components of fragmentation function.
We see also that, for reaction via electromagnetic interaction, i.e., e + + e − → γ * → h +q + X, P q (y) = 0 and parity violating terms disappear. The results reduce to those given Eqs. (4.109-4.129) where the only nonzero component of the polarization at the leading twist is P (0)
hn . In this case, for P Lh and P ht , the twist 3 contributions are the leading contributions so that they can be better studied via precise measurements.
Spin-1 hadrons
For spin-1 hadrons, the polarization is described by the vector polarization and the tensor polarization. The vector polarization is exactly the same as that for spin-1/2 hadrons presented in last section. In this section, we present the results for tensor polarization in the following.
Similar to those for the vector polarization, different components of the tensor polarization can also be expressed in different coordinate system. Usually the longitudinal direction is just taken as the helicity direction, but the transverse directions have different choices. However, as can be seen in last subsection for vector polarized case, there will be mixtures of different components if we choose helicity as the longitudinal direction but X and Y as the transverse directions since the helicity direction is neither orthogonal to X nor to Y-direction. This makes the study much more complicated and the physical meaning even unclear. According to experiences in the case of vector polarization, we choose two different cases for the transverse directions, i.e. x and y directions or e n and e t and present the corresponding results in the following.
The expectations of different components of the tensor polarization is calculated using the differential cross section and the results given by Eqs. , we obtain immediately, at the leading twist,
, (4.144) and from Eq.(3.68), we obtain,
Up to twist-3, we have,
We see that S LL has both leading and twist 3 contributions and neither of the contributions depend on the polarization P q (y) of the fragmenting quark. The leading twist contribution is determined byD 1LL (z, k ′ ⊥ ) while the twist 3 contributions depend on two components,D
We can also change the variable k ′ ⊥ to p T and obtain,
(4.148)
Other components can also be calculated in the same way from Eqs. (4.18-4.20) . At the leading twist, in the collinear frame, we have,
In terms of y, z and p T , at the leading twist, we have,
Up to twist-3, we have
We see that for all the four independent components, S 
. T T is determined by one component of the fragmentation function and the unpolarized fragmentation functionD 1 . This shows that also in this case choosing e n and e t as the two independent transverse directions is more suitable for studying different components of the fragmentation function by measuring the polarization of hadrons. We also see that S T T are independent of P q (y). This implies that the leading twist contributions to the first two components vanish if the annihilation goes via electromagnetic interaction while the latter two survives.
Up to twist 3, we have
and up to twist 3, model [58, 59] is used to trace back the origin(s). In these calculations, not only the polarizations of the directly produced hyperons but also those from the decays are taken into account. Another class of studies are carried out by relating the fragmentation function to the parton distribution function using the reciprocity relation such as Gribov relation [47] [48] [49] [50] [51] [52] .
In the theoretical framework presented in this paper, for directly produced hyperons, the longitudinal polarization is given by Eq. (4.95) at the leading twist and by Eq. (4.98) if twist 3 contributions are considered. The calculations presented in [41] [42] [43] [44] [45] [46] [58, 59] input for f q→H j (z), the simple parameterization given by Eq. (4.216) can already provide a rather good fit to the data available [17, 18, 22] . Similar ansatz was taken for vector meson spin alignment, i.e.,
and reasonable fit was obtained to the data available. We see that these data [17] [18] [19] [20] [21] [22] indeed provide some clue to parameterize the z-dependence of these components of the fragmentation function. For the TMD session, even less data is available yet in particular when azimuthal asymmetries and polarizations are concerned. For the unpolarized fragmentation function D 1 (z, p T ), there are few data available on the p T spectra of the produced hadrons in e + e − annihilation [60] and they can provide useful information on the p T dependence of D 1 (z, p T ). Recently there are measurements carried out in semi-inclusive deep-inelastic lepton-nucleon scatterings [61] [62] [63] [64] [65] [66] [67] and analysis [68] [69] [70] [71] have been made to extract information on the p T dependence of D 1 (z, p T ). It is usually taken as factorized from z dependence and a flavor independent Gaussian ansatz is taken for the p T dependence. To the accuracy of current studies, such Gaussian ansatz seems to provides us a reasonable description [68, 69, 71] of the data available [61] [62] [63] [64] [65] [66] [67] . However, it has already been pointed out that a careful check seems to suggest that the falvor dependence of the transverse momentum dependence and even violation of its fatctorization from the longitudinal momentum dependence do exist [70] . For spin dependent components of the fragmentation function discussed above, no data on transverse momentum dependence is available yet.
Recent measurements have been carried out on azimuthal asymmetries for two hadron production by BELLE, BARBAR and BES III Collaborations [24] [25] [26] . However, no data is available yet on the azimuthal asymmetries for single hadron with respect to the lepton plane. Such measurements are in principle easy to carry out in the corresponding reactions. Analysis can be made easily for spinless hadrons but for hadrons with spins they should be made consistently with polarization measurements.
V. SUMMARY AND OUTLOOK
In summary, we show that the collinear expansion can be extended to the semi-inclusive hadron production process e + + e − → h +q + X. We show that a theoretical framework can be obtained in this way where leading and higher twist contributions can be calculated systematically. We carry out the calculations for hadrons with spin-0, spin-1/2 and spin-1 up to twist 3 and present the results for the hadronic tensor, the differential cross section, the azimuthal asymmetries and the polarizations in terms of the different components of the gauge invariant transverse momentum dependent fragmentation function.
For hadrons with spin zero, the differential cross section show a left-right and an up-down azimuthal asymmetry in reaction via Z-boson exchange but only the up-down asymmetry survives in reaction via virtual photon exchange. Such azimuthal asymmetries are also influenced by the polarizations when hadrons with spins are studied.
For spin-1/2 hadrons, the polarization is described by the polarization vector S . The hadrons produced show longitudinal and transverse polarizations at leading twist and also twist 3 addenda to them. The longitudinal polarization P Lh is usually defined with respect to helicity. The leading twist contribution to P Lh exist only in e + + e − → Z 0 → h +q + X since quark produced in Z-decay is longitudinally polarized. This leading twist contribution is proportional to the quark polarization P q (y) and is determined by ∆D 1L that describes the spin transfer in fragmentation. The results show that the transverse polarization is conveniently described by P hn along the normal direction of the production plane and P ht along the transverse direction in the production plane. We have a leading twist contribution to P (0) hn that is independent of P q (y) and is determined by D ⊥ 1T , a counterpart of Sivers function in fragmentation function. The leading twist contribution to P (0) ht is proportional to P q (y) thus vanishes in reaction via electromagnetic interaction, i.e., e + + e − → γ * → h +q + X, where P q (y) = 0 and parity violating terms disappear. At leading twist, the only nonzero component of the polarization e + + e − → γ * → h +q + X is the transverse polarization P (0) hn along the normal direction of the production plane. However, different contributions at twist 3 to all the three components exist.
The results for spin-1 hadrons show even abundant features: in addition to the spin alignment given by S LL , we obtain results also for all the other four independent components 
